Abstract. We will give a criteria for a nonnegative subharmonic function with finite energy on a complete manifold to be bounded. Using this we will prove that if on a complete noncompact Riemannian manifold M , every harmonic function with finite energy is bounded, then every harmonic map with finite total energy from M into a Cartan-Hadamard manifold must also have bounded image. No assumption on the curvature of M is required. As a consequence, we will generalize some of the uniqueness results on homotopic harmonic maps by Schoen and Yau.
In this note, we will study harmonic maps with finite total energy on noncompact manifolds. The first main result we will prove is the following (Theorem 3.1): if M is a complete noncompact manifold such that every harmonic function on M with finite Dirichlet integral is bounded, then every harmonic map with finite energy from M into a Cartan-Hadamard manifold must also be bounded. Results similar to this have been proved by many authors. It was proved by Yau [Y] that there is no nonconstant bounded harmonic function on a complete noncompact manifold with nonnegative Ricci curvature. The first author [Cg] proved that this is also true for harmonic maps from such a manifold into a Cartan-Hadamard manifold. This result was later generalized by Choi [Ci] and Kendall [Ke] . In particular, Kendall [Ke] proved that if M supports no nonconstant bounded harmonic function and is stochastically complete, then M also supports no nonconstant bounded harmonic map into a Cartan-Hadamard manifold. We should mention that even though the result in [Ke] is more general, however, in the proofs of [Cg] and [Ci] , useful estimates on the energy density of a harmonic map were obtained. Recently, Sung, Wang and the second author [S-T-W] proved that if every bounded harmonic function on M is asymptotically constant near infinity at each unbounded component of the complement of some compact set, then every bounded harmonic map from M into a Cartan-Hadamard manifold also has this property. Using those results on bounded harmonic maps, one can obtain a Liouville type theorem for harmonic maps with finite total energy. For example, we show that (Theorem 3.2) if M supports no nonconstant bounded harmonic function, then every harmonic map with finite total energy from M into a Cartan-Hadamard manifold must be constant. This can be considered as a generalization of the result in [S-Y 1] which says that if M has nonnegative Ricci curvature, then there is no nonconstant harmonic map with finite total energy from M into a complete manifold with nonpositive curvature.
We will also generalize some uniqueness results on homotopic harmonic maps on noncompact manifolds by Schoen and Yau [S-Y 2] . In [S-Y 2] , it was proved that if M has finite volume and N has strictly negative sectional curvature and if u is a harmonic map from M into N with finite total energy, then there is no other harmonic map with finite total energy which is homotopic to u unless u(M ) is contained in a geodesic of N . It was also proved in [S-Y 2] that if M has finite volume then for any two homotopic harmonic maps u and v with finite energy into a manifold with nonpositive sectional curvature, there exists a homotopy from u to v via geodesics. We will prove that these two results are still true (Theorems 3.5 and 3.6) by only assuming that M has no positive Green's function. Note that a complete manifold which supports a positive Green's function must have infinite volume (see [V] or [L-T 1]). The main results in this note are quite general, and in most cases, there is no curvature assumption on the domain manifolds.
Subharmonic functions with finite Dirichlet integral
We begin with the following lemma. 
and let u R = 0 on ∂B p (R). Then u R (p) are uniformly bounded from above.
Proof. Multiplying (1.1) by u R and integrating by parts, it is easy to see that
for all R. Hence, by the Bochner formula and the mean value inequality (see for example, [L-T 2]), for all r > 0, there is a constant C(r) independent of R such that for all R > r + 1,
So, we have
by (1.4) with r = r 1 . Therefore we may assume that inf ∂Bp(r1) u R ≥ 0. In this
, by the maximum principle, (1.1) and the fact that f is subharmonic outside B p (r 0 ). Hence we have
where we have used the fact that u R = 0 on ∂B p (R). By (1.1), we have
Combining this with (1.5), we have
By ( Proof. To prove that (b) implies (a), let f be a harmonic function with finite Dirichlet integral; then g = f 2 + 1 is subharmonic with finite Dirichlet integral. Therefore by (b), g and hence f are bounded.
To prove that (a) implies (b), let f ≥ 0 be a smooth function with finite Dirichlet integral which is subharmonic outside a compact set. For simplicity, let us assume that f is subharmonic on M \ B p (1), where p is a fixed point in M . Consider the function φ = (1+f 2 ) 1 2 . It is easy to see that φ has finite Dirichlet integral and that φ is bounded if and only if f is bounded. Since f is subharmonic outside B p (1) and
By the maximum principle, we have
Hence, f must be bounded and we are done. So we may assume that for all r > 1 there is R > r such that
> 0. By (1.6), and by replacing f by φ, we may assume that for all r > 1 there is R > r such that
For R > 1, let u R be the solution of ∆u R = −∆f on B p (R) and u R = 0 on ∂B p (R). We want to show that u R are uniformly bounded on compact sets. By the maximum principle, u R + f is nonnegative, since f ≥ 0. Hence u R are uniformly bounded from below on compact sets. If there is
∂f ∂r
( 1.8) where we have used the fact that ∆(
Therefore by (1.6) and (1.8) we have
By Lemma 1.1, u R (p) are uniformly bounded from above. If inf ∂Bp(1) u R ≤ 0 for all R, then arguing as in the proof of Lemma 1.1, u R (p) are also uniformly bounded from above. Hence as in the proof of Lemma 1.1, one can show that u R are uniformly bounded on compact sets, and there is a subsequence of u R + f which converges to a harmonic function h on M with finite Dirichlet integral. By assumption, h is bounded. It is easy to see from this that f is also bounded from above. Corollary 1.3. Let M be a complete noncompact manifold satisfying one of the equivalent conditions of Theorem 1.2. Let f ≥ 0 be a function which is subharmonic outside a compact set on M such that Bp(R) 
Proof. Using the standard cutoff function argument, one can show that f has finite Dirichlet integral. Theorem 1.2 can also be proved by using potential theory as noted by Terry Lyons [Ly] . Using our method of proof of Theorem 1.2, we can obtain a new criterion for a complete noncompact manifold to have a positive Green's function. Proof. Suppose M has a positive Green's function and we use G(x, y) to denote the minimal positive Green's function. Let f be a smooth nonnegative function with support in B p (1), where p is some fixed point in M such that f is not identically equal to 0. Then
is a well-defined smooth function such that ∆u = f in M . In particular, u is a nonconstant subharmonic function since f is nonnegative and not identically equal to zero. On M \ B p (1), u is harmonic and equal to lim R→∞ u R where u R is the harmonic function on B p (R) \ B p (1) for R > 1 such that u R = u on ∂B p (1) and u R = 0 on ∂B p (R). It is easy to see that the Dirichlet integral of u R is uniformly bounded. This implies that u has finite Dirichlet integral. It is also easy to see that u is bounded. Hence M has a nonnegative nonconstant subharmonic function with finite Dirichlet integral.
To prove the converse, suppose M has a nonnegative nonconstant subharmonic function f with finite Dirichlet integral. If ∆f ≡ 0, then by a theorem of [S-S-G] , M will have a nonconstant bounded harmonic function with finite Dirichlet integral. By a well-known result, M has a positive Green's function, see for example [L-T 1]. Therefore without loss of generality, we may assume that ∆f (x) ≥ on B p (a) for some a > 0 and some > 0. For R > a, let , y) is the positive Green's function on B p (R) with zero boundary data. Then ∆h R = −∆f on B p (R) and h R = 0 on ∂B p (R). By Lemma 1.1, h R (p) is uniformly bounded from above, therefore there is a constant C independent of R such that
where we have used the fact that ∆f ≥ 0, ∆f ≥ on B p (a) and G R > 0. Hence there is a constant C 5 independent of R such that
By the results in [L-T 1], we conclude that M has a positive Green's function.
A class of manifolds
In this section, we will discuss some sufficient conditions for a manifold to satisfy the condition that every harmonic function with finite Dirichlet integral on the manifold is bounded. To simplify our statements, we will say that such a manifold satisfies condition (A). Proof. Let f be a harmonic function on M with finite Dirichlet integral. Suppose f is nonconstant; then by a theorem in [S-S-G] , there is a nonconstant bounded harmonic function on M with finite Dirichlet integral. This is a contradiction since M has no nonconstant bounded harmonic function.
It is well known that if M has nonnegative Ricci curvature, then M has no nonconstant bounded harmonic function by a theorem in [Y] . By [Gr] and [SC] , if M is quasi-isometric to a complete noncompact manifold with nonnegative Ricci curvature, then M also has no nonconstant bounded harmonic function. Hence all these kinds of manifolds satisfy (A). In fact, in [Gr], a complete noncompact manifold M which satisfies the following conditions are considered:
(I) There exists a constant A > 0 such that for any x ∈ M and for all R > 0
where V x (r) is the volume of the geodesic ball B x (r) of radius r centered at x. (II) There exist constants N > 1 and a > 0 such that for any
Note that (I) and (II) are invariant under quasi-isometry. This class of manifolds includes complete noncompact manifolds with nonnegative Ricci curvature. It was proved in [Gr] that a complete noncompact manifold satisfying (I) and (II) has no nonconstant bounded harmonic function, and hence it also satisfies (A). Proposition 2.2. Let M 1 and M 2 be two n-dimensional manifolds satisfying (A).
Then the connected sum of M 1 and M 2 also satisfies (A).
Proof. Let M be the connected sum of M 1 and M 2 . Let f be a harmonic function on M with finite Dirichlet integral. Then f is defined and harmonic outside a compact set of M 1 . Therefore f 2 + 1 ≥ 0 is subharmonic outside a compact set of M 1 . Since f has finite Dirichlet integral, f is bounded near infinity of M 1 by Theorem 1.2. Similarly, f is bounded near infinity of M 2 . Therefore f is bounded.
Before we state our next result, we introduce some terminology. Let M be a complete noncompact manifold and K be a compact subset of M . An unbounded component of M \ K is called an end of M with respect to K. Let p be a fixed point in M . Suppose the number of unbounded components of M \B p (R) is bounded by a constant independent of R, for all R > 0; then M is said to have finitely many ends. In this case, an end E of M is an unbounded component of M \ B p (R 0 ) for some fixed R 0 such that the number of unbounded components of M \ B p (R) is equal to the number of unbounded components of M \ B p (R 0 ) for all R ≥ R 0 . An end E of M with respect to some compact set K is said to be large if ∞ a t/V E (t)dt < ∞ for some a > 0 where V E (t) is the volume of B p (t) ∩ E. Otherwise the end E is said to be small. An end E is said to satisfy the volume comparison condition (VC) if there is ζ > 0 and r > 0 such that for all R > r, V E (R) ≤ ζV x (R/2) for all x ∈ ∂B p (R) ∩ E. Manifolds with finitely many ends, each of which satisfies (VC), have been studied by Li and the second author [L-T 3] . We have the following: Proof. Let f be a harmonic function on M with finite Dirichlet integral. It is sufficient to prove that f is bounded on each end. Let E be an end and M E be the double of E. Then f can be considered as a function on M E which is harmonic outside a compact set with finite Dirichlet integral. Suppose that E is small; then M E has no positive Green's function (see [L-T 1] for example). In particular, M E has no nonconstant bounded harmonic function. By Proposition 2.1 and Theorem 1.2, we can conclude that f is bounded on M E . Suppose that E is large. Since E satisfies (VC), by the proof of Lemma 2.3 in [L-T 3], we can also conclude that f is bounded on M E . This completes the proof of the theorem. 
Applications to harmonic maps
In this section, we will apply the previous results to study the uniqueness problem for harmonic maps on complete noncompact manifolds. First, let us prove a general theorem. Recall that a Cartan-Hadamard manifold is a simply connected complete manifold with nonpositive sectional curvature. Proof. Let u : M → N be a harmonic map with finite total energy. Let y 0 be a fixed point in N and let r(y) be the distance function on N from y 0 . Then it is well known that f = (r • u) 2 + 1 is subharmonic on M (see [S-Y 2] , for example). Since u has finite total energy, it is easy to see that f has finite Dirichlet integral. Since M satisfies (A), by Theorem 1.2, f is bounded, and hence u(M ) is bounded. Proof. The theorem follows from Theorem 3.1, Proposition 2.1 and the results in [S-T-W] .
For the case when M has nonnegative Ricci curvature, the last statement of the theorem was proved by Schoen and Yau [S-Y 1] . In that case, the assumption that N is simply connected can be dropped. The last statement for the case when M is quasi-isometric to a complete noncompact manifold with nonnegative Ricci curvature was also proved by Wang [W] using other methods.
Next, we will study the question of the uniqueness of homotopic maps on noncompact manifolds into manifolds with nonpositive sectional curvature. Let M be a complete noncompact manifold and N be a complete manifold with nonpositive curvature. Let u and v be two homotopic maps from M into N . Using the setup in [S-Y 2] , letM andÑ be the universal covers of M and N respectively. Let Proof. It is known that f = ρ 2 u,v + 1 is subharmonic with finite total energy (see [S-Y 2] ). By Theorem 1.2, we conclude that f is bounded. SupposeM has no nonconstant bounded harmonic function, and that v is constant. Then the liftingṽ obtained above is also a constant map. Here we have assumed thatM is connected. Hence the image ofũ is bounded and it must be a constant map by [Ke] . Therefore, u is also a constant map.
Corollary 3.4. Let M be a complete noncompact manifold which is quasi-isometric to a complete noncompact manifold with nonnegative Ricci curavture. Let N be a complete manifold with nonpositive curvature (which may not be simply connected ). Every harmonic map with finite total energy from M into N which is homotopic to constant must be constant.
One can also generalize some uniqueness theorems of Schoen and Yau [S-Y 2] on homotopic harmonic maps with finite total energy from a complete manifold M with finite volume into a complete manifold with nonpositive or strictly negative sectional curvature. We would like to relax the condition that M has finite volume by only assuming that M is parabolic. That is, M has no positive Green's function. Note that a complete noncompact manifold with finite volume is always parabolic (see for example [V] or [L-T1] ). Suppose M is parabolic, in particular M has no nonconstant bounded harmonic function. Then M satisfies condition (A) by Proposition 2.1. Let u and v be two homotopic harmonic maps with finite total energy into a complete manifold with nonpositive sectional curvature. Using previous notation in Theorem 3.3, f = ρ 2 u,v + 1 is bounded by that theorem. Since f is subharmonic and M is parabolic, f must be constant. Hence ρ u,v is constant. Therefore, the methods in [S-Y 2] can be carried over to conclude that: 
